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Abstract

Classicallearningassumesghe learneris given
a labeleddata sample,from which it learnsa
model. The eld of Active Learningdealswith
the situationwherethe learnerbegins not with
a training sample, but insteadwith resources
that it can use to obtain information to help
identify the optimal model. To better under
standthis task, this paperpresentsand analy-
sesthe simpli ed “(budgeted)actve model se-
lection” version,which captureghe pure explo-
ration aspectof mary actve learning problems
in a cleanandsimpleproblemformulation.Here
the learnercan use a x ed budget of “model
probes” (where eachprobe evaluatesthe spec-
ied model on a randomindistinguishablein-
stance)to identify which of a given setof pos-
sible modelshasthe highestexpectedaccurag.
Our goalis apolicy thatsequentiallydetermines
which modelto probenext, basedon the infor-
mation obsened so far. We presenta formal
descriptionof this task,and shav thatit is NP-
hardin general. We theninvestigatea number
of algorithmsfor this task,including several ex-
isting ones(eg, “Round-Robin”, “Interval Esti-
mation”, “Gittins”) aswell as somenovel ones
(e.g, “Biased-Robin”),describing rst their ap-
proximationpropertiesand thentheir empirical
performanceon variousprobleminstances.We
obsene empirically thatthe simple biased-robin
algorithmsigni cantly outperformshe otheral-
gorithmsin the caseof identicalcostsandpriors.

1 Intr oduction

Learningtaskstypically begin with a datasample— e.g,
symptomsand testresultsfor a setof patients,together
with their clinical outcomesByYy contrastmary real-world
studiesbegin with no actualdata,but insteadwith anidea
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anda budget— fundsthat canbe usedto collecttherele-

vantinformation. For example,onestudyhasallocated$2

million to develop a systemto diagnosecancersubtypes,
basedon a battery of testson collectedtissue,eachtest
with its own (known) costsand (unknawn) discriminative

powers[Pol]. Givenour goalof identifyingthe mostaccu-
rate model,whatis the bestway to spendthe $2 million?

Shouldwe indiscriminatelyrun every teston every tissue,
until exhaustingthe budget?... or selectvely, anddynam-
ically, determiningwhich teststo run on which tissue\We

call this generalproblembudgetedlearning

In that study the eventualmodelwill be allowed to per
form teststo identify cancertypes. To betterunderstand
thefundamental®f this generalproblem,we investigatea
simpler‘(budgetedictive modelselection’variant,where
thetissuesareindistinguishableandthe goalis to identify
whichsingletestto applyto all (future)tissuesThatis, we
havea x edsetof possiblediagnostidests— “models”—
andthe learners taskis to selectexactly oneof them. As
above, thelearnercanwork “actively”, sequentiallydecid-
ing (atlearningtime) whichtestshouldbeappliedto which
tissue to helpidentify whichtestis betteris general.

To simplify our notation,we will view this problemasthe
“coins problems”: We aregivenn (distinguishablekxoins
with unknavn headprobabilities. We are allowed to se-
guentiallyspecifya cointo ip, thenobsene the outcome
of this ip, butonly for aknown, x ednumberof ips. Af-

ter this trial period,we have to declarea winnercoin. Our
goalis to pick the coin with the highestheadprobability
from amongthe coins. However, consideringhelimits on
ourtrial period,we seekastrat@y for coin ipping that,on
average |eadsto picking a coin thatis ascloseto the best
coinaspossible.

Thereis a tight relation betweenactive model selection
(i.e., identifyingthebestcoin) andidentifyingthemostdis-
criminative testor feature: the headprobability of a coin
is ameasuref quality, andcorrespondso the discrimina-
tion power (e.g, accurag) in thefeatureselectiorproblem.
The “features”may actually be more sophisticatedlassi-
ers suchasdecisiontrees,with known expectedcostsbut



unknown accuraciesln thelatter casehowever, we areig-

noringthefactthatthe differentmodelsmaysharefeatures
andhencebe correlated. This active modelselectionprob-
lem is an abstractionapplicableto other scenariossuch
as determiningthe bestparameteisettingsfor a program
givena deadlinethat only allows a x ed numberof runs;
or choosinga life partnerin the bachelor/bachelorett&v

shav wheretime is limited. Finally, note that the hard-
nessresultsandthe algorithmicissuesthat we identify in

this work also apply to the more generalbudgetedclassi-
er learningproblemgLMGO03].

The rst challengein de ning the budgetedactive model
selectionproblemis to formulatethe objective, to obtain
awell-de ned andsatishctorynotion of optimality for the
completerangeof budgets. We do this by assigningpri-
ors over coin quality, and by de ning a measureof regret
for choosinga coin asa winner. We describestrategies
(for determiningwhich cointo ip in eachsituation),and
extend the de nition of regretto stratgies. The compu-
tationaltaskis thenreducedo identifying a strat@y with
minimumregret,amongall stratgjiesthatrespecthe bud-
get.

We addresghe computationatomplexity of the problem,
shawing thatit is in PSRACE, but alsoNP-hardunderdif-
ferentcoin costs. We establisha few propertiesof opti-
mal stratgyies,andalsoexplorewheresomeof thedif cul-
tiesmaylie in computingoptimal strateyies, e.g, theneed
for contingeng in the strateyy, even whenall coinshave
the samecost. We investigatethe performancesf a num-
berof algorithmsempiricallyandtheoreticallyby de ning
and motivating constant-raticapproximability The algo-
rithmsincludelnterval Estimationand (adapted)Gittin in-
dices[Kae93 BF85], obvious onessuchasRound-Robin,
aswell asnovel onesthatwe proposebasedon our knowl-
edgeof problemstructure. Onesuchalgorithm, “Biased-
Robin”, worksespeciallywell for thecaseof identicalcosts
and priors. The paperalsoraisesa numberof intriguing
openproblems.

Themaincontributionsof this paperare:

1. Preciselyde ning thebasicactive modelselectiorprob-
lemin this spaceasa problemof sequentiatiecisionmak-
ing underuncertainty

2. Addressingthe computationatomplexity of the prob-
lem, highlightingimportantissuesboth for optimality and
approximability Empirically comparinga numberof obvi-
ous,andnot so obvious, algorithms,towardsdetermining
whichwork mosteffectively.

3. Providing, in closed-form,the expectedregret, under
uniform priors, of an obvious algorithm: Round-Robin
(andvariants).

Section2 de nesthe coinsproblemand presentsts com-
putationalcompleity. Section3 de nesthe constant-ratio
approximatiorproperty describeshe algorithmswe study

— both familiar and novel — andexploresapproximabil-
ity. Section4 empirically investigateshe performanceof
the algorithmsover a rangeof inputs and Section5 dis-
cussegelatedwork, distinguishingthis work differs from
relatednotions,suchasbanditproblems experimentalde-
signandon-line learning. For the proofsandderiations,
extendedexplanationsadditionalempiricalresults andan-
imatedalgorithms pleasesee[MLGO04].

2 The CoinsProblem
We aregiven:

A collectionof n independentoins,indexed by the set
| , whereeachcoinis speci edby aquery(ip) costanda
probability densityfunction (prior) over its headprobabil-
ity. The priors of the differentcoinsareindependentand
they canbedifferentfor differentcoins.

A budgetb on thetotal allowedcostof querying.

We assumehetail andthe headoutcomeswill correspond
to receving norewardanda x edreward (1 unit) respec-
tively, at performanceain. We arealloweda trial/learning
period, constraineddy the budget,for the sole purposeof
experimentingwith the coins, i.e., we do not collect re-
wardsin this period. At the end of the period, we are
allowed to pick only a single coin for all our future ips
(rewardcollection).

Lettherandomvariable ; denoteheheadprobabilityof a
coing, andletw; ( ;) bethedensityover ;. Notethatthe
densitiescanchangebasedon the resultsof the coin ips.

We rst addresshe questionof which coin to pick at the
endof thelearningperiod,i.e., whenthe remainingbudget
allowsnomore ips. Theexpectemeamrolggbilityof coin
G, akathe meanof coing;, is: E( ) = 01 wi()d.
Thecointo pick is the onewith the highestmean . =

maxiz; E( i), which we denoteby i . The motivation
for pickingcoini is that ipping sucha coin givesanex-
pectedreward no lessthan the expectedreward obtained
from ipping ary othercoin.

We cannow de ne the measureof error that we aim to
minimize. Letimax bea coin with the highestheadprob-
ability, andlet ., = max = maxyy i, bethe
randomvariable correspondingo the headprobability of
imax - For example,in caseof two coinswith 1 = 0:1
and , = 04, max = 0:4. In generalasthese ; are
randomvariables, max gs alsoa randora/ariable,with ex-
pectationE( max) = -(maxiz i) ;wi(i)d™. For
example,givenn coinsdrawn with uniform priors,we ob-
seneE( max) = 5op [MLGO4]. The (expected)regret
from picking coin¢; isthenE(r(i)) = E( max i) =
E( max) EC( i), i.e, the averageamountby which
we would have done bettet had we chosencoin imax

1In the standardbanditframevork [BF85] whereexploitation
is alsoimportant,the term?@regret®is commonlyusedto referto
a conceptuallysimilar but slightly differentquantity We usethe



insteadof coin ¢;. Obsene that we minimize regret by
picking coini . Thusthe (expected)minimum regret is
E( max) max - Notethatthe (minimum)regrethasan
interestingeasyto rememberform: it is the differencebe-
tweentwo quantitiesthatdiffer in the orderof takingmax-

imum andexpectation:
E( max ) = E(maXiZI i)
max = maxia E( i)

2.1 Strategies

Informally, a stratey is a prescriptionof which coin to
gueryatagiventime point. In general sucha prescription
dependon the objective (minimizing regretin our case),
the outcomesof the previous ips or equivalentlythe cur
rentposteriordensitieverheadprobabilities(i.e., thecur
rentbeliefstatg, andtheremainingbudget.Notethatafter
a ip of coinc;, andobservingoutcomeo, thedensityover
its headprobabilityis updatedisingBayesformula,andthe
probability of a headoutcomefor ipping coini becomes
E( ijo). Equivalently we simply updatethe densityfor
coini accordingto the obsenation, andthe expectationis
takenoverthe currentdensity(seeSection2.3).

A stratgy maybeviewedasa nite, rooted,directedtree
whereeachleaf nodeis a special‘stop” node,andeachin-
ternalnodecorrespondso ipping aparticularcoin,whose
two childrenarealsostratgy trees,onefor eachoutcome
of the ip (seeFigurel). We will only considerstrat@ies
respectinghe budget,i.e, thetotal costof coin ips along
ary branchmay not exceedthe budget. Thusthe setS of
strataiesto consideis nite thoughhuge:n?” 1 assuming
unit costs.Associatedvith eachleafnodej of astratay is
theregretr; , computedusingthe belief stateat thatnode,
andthe probability of reachingthatleaf p; , wherep; is the
productof the transitionprobabilitiesalongthe pathfrom
root to thatleaf. We thereforede ne theregret of a strat-
egy to be the expectedregret over the differentoutcomes,
or equivalentlytheexpectationof regretconditionedon ex-
ecutionof s, or E(rjs):
Reget(s) = E(rs) = j;TreelLeafs Pi'i

An optimal strategy s is thenonewith minimum regret:

s = argming,s Regret(s). Figurel shavs anoptimal

stratgy? for thecaseof n 4 coinswith uniform priors,

and a budgetof b = 3. We have obsened that optimal

stratgiesfor identicalpriorstypically enjoy a similar pat-

tern (with someexceptions):their top branch(i.e., aslong

astheoutcomesreall headskonsistof ipping thesame
coin, andthe bottombranch(i.e., aslong asthe outcomes
areall tails) consistof ipping thecoinsin aRound-Robin
fashion;seeBiased-Robir(Section3.1.3below).

sametermasit bestdescribesheobjectie in this settingaswell.
2Notetherealwaysexistsanoptimalstratay thatis determin-

istic. A way to seethis is to realizethat the coinsproblemis a

special®nite-horizonfully obserable MDP (seeSection5).

2/;( cl

1/2¢cC1
le’ il
128 oy ] 2
N

c2

cl

c3

3/7
C
RN

c4

Figurel: Theoptimalstratgy treefor budgetb = 3 onidentical
uniform priors, with 4 (or more)coins. Top branchesorrespond
to headoutcomes.Somebranchegerminateearly asthe coin to
choosgboxed)is alreadydetermined.

2.2 The Computational Problem

Our overall goalis to execute ips accordingto someop-

timal strategy s . Threerelevantcomputationaproblems
areoutputting(1) an optimal strateyy, (2) the bestcoin to

ip now (the rst actionof the optimalstratey), or (3) the
minimumregret. As the optimal stratgly may be exponen-
tial in theinput size,whenwe talk aboutthe coinsproblem
in aformal sensge.g, Theoreml), we meanthe problem
of computingthe rst actionof anoptimalstrateyy.

2.3 BetaDensities

In our experiments,we will be usingthe family of Beta
densitiesto model the density over a coin's headproba-
bility . This family is particularly corvenientfor repre-
sentingand updatingpriors [Dev95]. Brie y, a Betaden-
sity is a two-parametefunction, B( 1; ) of the form
C '@ ) 2% whereC is a normalizing con-
stantand, in this paper i1 and » are positive integers.

B(1; 1) correpondsto the uniform prior. The density
B( 1; 2)hasmeanE() = 4= 15( 1+ 2),
and standarddeviation STD() = L) After

a heads(resp. tails) outcome,B( 1;
B( 1+ 1 2)(resp.B( 1;
moredetailsandexamples.

2) is updatedto
2+ 1)). See[MLGO04] for

2.4 Computational Complexity

Thecoinsproblemis aproblemof sequentiatiecisiormak-
ing underuncertaintyandsimilarto mary othersuchprob-
lems[Pap8Y, onecanverify thatit is in PSRACE, aslong
aswe make the assumptiorthat the budgetis boundedby
a polynomialfunction of the numberof coinsanddensity
updatesand regret computationggiven the currentdensi-
ties of the coinscanbe computedin PSRACE. Moreover,

if we assumehe numberof coinsn is constantthenthe
obvious dynamicprogramcan solve this problemin time
polynomialin thebudget(if exponentiaiin n). However, in

generaltheproblemis NP-hard:



Theorem1 The coins problemis in PSFACE and NP-
hard [MLGO04].

TheproofreducegheKnapsackProblemto aspecialcoins
problemwherethe coinshave differentcosts,anddiscrete
priorswith non-zergorobabilityatheadprobabilitiesO and
1 only. It shawvsthatmaximizingthepro t in theKnapsack
instancas equivalentto maximizingthe probabilityof nd-
ing aperfectcoin, whichis shovn equivalentto minimizing
theregret. Thereductionrevealsthe packingaspecbf the
budgetedproblem.It remainsopenwhetherthe problemis
NP-hardwhenthe coins have unit costsand/oruni-modal
distributions. The next sectiondiscussesomedif culties
in computingoptimalstratgiesevenin thisrestrictedcase,
andexplorestherelatedissueof approximability

3 Problem Structure and Algorithm Design

Thefollowing areafew simplifying andsomevhatintuitive
properties.

Proposition 2
1.E( maxjS) = E( max), therefore theregret of a strat-
egysis,

reget(s) = E( ma) E( maxJS),

whee E( max]S) andE( max jS) denoterespectivelythe
conditional expectationsof max randomvariable pax
and maximummean . , conditionedon the execution
of strategy s (i.e., theexpectationver all theoutcomeof
executingstrategy s).

2. More information cannothurt: For any strategy s,
E( maxjS) E( max ), therefore regret from usingany
strategy s is not greaterthanthe currentregret.

3. No needto queryuselesgoins: Assumeéhat underany
outcome(i.e, the executionof any strategy respectinghe
budget), there is somecoin whosemeanis at leastashigh
ascoin ¢;. Thenthere existsan optimal strategy treethat
never queriescoing;. |

The rst propertyfollows from the fact that an expecta-
tion over an expectationdoesnot changethe value. Thus,
minimizingregretis equivalentto maximizingtheexpected
highestmeanE ( max jS), andthe latter is often easierto

compute(e.g, seeSection3.1.2). The secondand third

propertiesare establishedby induction on stratgy tree
height,and consideringa few specialcases.We conclude
that the optimizationproblemboils down to computinga
stratgy that maximizesthe expectationover the highest
mean;s = argmaXs, sfE( max JS)0.

It follows thatin selectingthe cointo ip, two signi cant
propertiesof a coin arethe magnitudeof its currentmean,
andthe spreadof its density(think “variance”) thatis how
changeabldts densityis if it is queried:if a coin's mean
is too low, it canbeignoredby the above result,andif its
densityis too pealed (imagineno uncertainty),then ip-

ping it may yield little or no information (the expectation

E( max JjS) maynotbesigni cantly higherthanE ( max )).
However, the following simple, two coin example shavs
thattheoptimalactioncanbeto ip thecoinwith thelower
meanandlower spread!

Example1: Assumecoinc; hasB( 1; 2) prior, andcoinc,
hasB( 1; 3); thusc; hasahighermeanandalower spread
thanc,. But the optimalstrateyy for a budgetof onestarts
by ipping c,. (To seewhy, notethat ipping c¢; doesnot
changeour decisionundereither of its two outcomes—
c1 will bethewinner— andthusthe E( max ) equalsthe
currenthighestmeanvalueof 1=3, while ipping c, affects
thedecision,andthe expectationof the nax giventhatc,
is queriedis slightly higher— 1=4 2=5+ 3=4 1=3.) 1

It would be nice if therewassome*local” propertyof a
coin — ideally a single scalarvalue— thatwassufcient
to identify which cointo ip, ateachtime step. Unfortu-
nately..

Example 2: Context Sensitvity: Supposeyou have a
budget of 1 to decide betweenthe two coins, ¢; with

1 B(1; 1) andc; with B(5; 3), Here,it is
clearthatyou should ip c;. If thisdecisionwasbasedon
asinglenumberassociateavith c; (resp.,c;), thenadding
athird coin ¢c3 could not changethe orderbetweenc; and
Cz; andin particular a nal budgetof 1 ip would ever be
givento c,. However, this will happenif c3 is distributed
with 3 B(17; 9)! |

The next exampleshaows that the optimal stratgyy canbe
contingent— i.e, theoptimal ip atagivenstagedepends
ontheoutcomesf the previous ips.

Example 3: Contingent: With the threeunit-costcoins
¢ B(1;1),c; B(5 2)andc; B(21 11), anda
budgetof b = 2, the optimal stratgyy isto ip coin1, and
if theoutcomeis heads,ip it again.If theoutcomes tails,
ip coin 2. It canbeveri ed thatthe beststratgieswhen
startingwith ipping ¢y, or ¢, or ¢z, give expectecdhighest
meansf 0:731, 0:725 and0:723 respectiely. |

Note thatthe examplesinvolve identical costs. Theseob-
senationssuggesthatoptimizationmayremainhardeven
in theidenticalcostscase However, thedifferencebetween
the optimal regretandregretof a simplealgorithm,which
for exampleignorescontingeny, may not be signi cant.
We explore approximabilityand candidateapproximation
algorithmsin the next subsection.

3.1 Algorithms and Approximability

Consideran algorithmA thatgiventhe input, outputsthe
next actionto execute. We call algorithmA a (constant-
ratio) approximationalgorithm if thereis a constant 2
[1;1 ) (independenof problemsize),suchthatgivenary
probleminstancejf r is the optimal regretfor the prob-



lem, theregretr (A) from executingactionsprescribedy

A isboundedby © r . A constant-rati@pproximation
is especiallydesirable asthe quality of the approximation
doesnot degradewith problemsize. Of coursewe seekan

approximatioralgorithm(preferablywith low ") thatis also
efcient (polynomialtimein input size). We next describe
a numberof plausiblealgorithms,and explore whetheror

not they areapproximationalgorithms. For an animation
of severalof thesealgorithms pleasesee[MLGO04].

3.1.1 Round-Robin, Random,and GreedyAlgorithms

The Round-Robinalgorithm simply ips the coinsin a

Round-Robirfashionj.e, ips coini = (t 1 mod n)+ 1,

attimet = 1;2; . TheRandomalgorithmat eachdeci-

sion point simply picks a coin uniformly at randomand
ips it. Thesealgorithmsareplausiblealgorithms,atleast
initially in thetrial period,andthey area standardgrotocol
in clinical trials (e.g, [Pol]). Thethird algorithmwe con-

sideris the Constant-lndget algorithm: For a small con-

stantk (independenbf n andb), it computeshe optimal

stratgyy for that smaller budgetk, and ips the rst coin

of sucha stratgyy. (Giventhe outcome,it thencomputes
the optimal stratgy from this new state,with the decre-
mentecbudget.etc.) We shallreferto thealgorithmassim-

ply Greedywhenk = 1. Perhapst is not hardto seethese
algorithmsaresuboptimal put we cansaymore:

Proposition3 ([MLGO04]) For algorithm A 2 f Round-
Robin, Random,Constant-Budegt g, for any constant’,
there is a problem with minimumregret r , on which
r(A) > - r. |

3.1.2 Allocational Algorithms (including SCLA)

An allocationalstratey is speci ed by the numberof ips
assignedo eachcoin. For example,givenabudgetof 5, an
allocationmay specifythatcoin 1 shouldbe ipped twice,
coin 2 ipped once,andcoin 3 twice (andall othercoins
0 times). Notice this allocationdoesnot specifywhento
ip acoin(ary coinwith positive allocationmaybe ipped
rst), andit is notcontingent.Theattractionof allocational
stratgiesis thatthey arecompactlyrepresentedWe also
shaw thatthey areefciently evaluated:the expectedhigh-
estmeanof an allocationalstratgy can be computedin
time polynomialin nb [MLGO04]. With anequalallocation
of a ips to everycoin(e.g, Round-Robinwhenb = an)
andunderuniform priors,theexpressiorfor theregret(i.e.,

E( max) E( max JS)) furthersimpli es to:
n X (h+1)" h"h+1 "
n+1 (a+ )" a+ 2

h=0

In additionto Round-Robinwe also consideran extreme
restrictedversionof a dynamicallocationalstratey, the
single-coin allocational stratgyy, aka (single-coin)look-
aheadalgorithm(SCLA): ateachtime point, for eachcoin

Gi, thelook-aheadalgorithmconsidersllocatingall of the
remaining ips to coin ¢;, computesthe expectedhighest
meanfrom eachsingle-coinallocation, and ips a coin
that gives the largest expectedhighestmean. (That is,
giventhe initial budgetof b, it computeghe coin to ip;
i€ = SCLAb). Giventheoutcomeof this ip, it then
computesand ips, thecoinig®A = SCLAb 1), andso
forth.) This computationcanbe donein polynomialtime
— O(n b) at every time point. While this algorithm may
notbeanapproximatioralgorithm,with speciallydesigned
non-identicalpriors[MLGO04], we will seeempiricallythat
it performsfairly well.

3.1.3 Biased-Robin

The Biased-Robinalgorithm is similar to Round-Robin,
exceptthat it keeps ipping the samecoin aslong asit
givesheads.Thus,Biased-Robirbegins by choosingcoin
c1 and ipping it. It keeps ipping the currently chosen
coin until the coin givesa tail outcome,in which caseit
chooseshe next coin, wrappingaroundand startingwith
coinc; whenevera ip of coinc, givesatail outcome.The
Biased-Robimalgorithmis inspiredby the overall pattern
that we obsenredin the optimal strateyy treefor the case
of identical priors (Figure 1). It is also a generalization
of Robbins' “play the winner” stratey for two Bernoulli
arms[Rob52 Zel69 (if a succes®ccurson onearm, the
arm is repeatedwhile if a failure occurs,thenthe other
arm is tried), and the samestratg)y ariseswhenwe are
searchingfor a perfectmodel (seee.g, [SG99). How-
ever, Biased-Robiris not optimal, asthe optimal strateyy
doesnot follow this patterncompletely Exceptionsoccur,
for example,whenthe remainingbudgetis low [MLGO04].
Like Round-RobinBiased-Robirdoesnot take eitherthe
priors nor the budgetinto account,and it is arny-time.
But, somevhat unexpectedly we obsene empirically that
it doesverywell.

3.1.4 Interval Estimation

The Interval Estimationalgorithm[Kae93 attemptsto ac-
countfor the uncertaintyover the performancef a model
(coin) by ipping the cointhathasthe highest‘reasonably
likely” performancewherereasonablyik ely performance
is de ned asthetop of the 95% con denceinterval, which
is the sum of the currentmeanof the coin and a multi-
ple = 1:96 of the standarddeviation of the distribution
STD() overthe coin's headprobability At eachtime
point ip acoini'E with thehighestsuchcon denceinter-
val,

i'E = argmaxy fE( ) + STD( i)g

(Note the higherthe tolerance , the more the algorithm
is biasedtowardscoinswith high spreadover their perfor
mancewhile for = 0, thealgorithm ips the coin with
currenthighestmean— i.e., reducego pureexploitation.)



3.1.5 Gittins Indices

Our “active modelselection”problemis obviously related
to the standard,well-studied “Bandit Problem” [BF85]:
you arefacing a setof n “one-armedbandits” (aka “slot
machines”),eachwith some x ed but unknavn expected
payof. At eachtime, you decidewhich armto pull, then
recevve a payof drawvn from the outputdistribution of that
speci ¢ bandit. Thetotal rewardwill betheweightedsum
ofthesepayofs, ,w; r¢, wherer; isthepayof received
attime t andw; is the associatedveight. Your goalis to
determinea stratgyy thatwill maximizethis weightedsum.
A standardmodelin this framework is the in nite-horizon
discounted-totaleward model,wherew; = ! for some
discount 2 (0;1). Underthis model,thereis anamazing
result: At eachtime, let P(c;) representhe payof distri-
bution for bandit(coin) ¢;; in general this is conditioned
on the outcomesof its previousresults.We cancomputea
singlerealvalueg (P(c)) 2 < for eachbandit,calledits
“Gittins index”, andknow thatthe optimalactionis to pull
the banditi = argmaxiz g (P(c)) with the largest
value [BF85, Git89]. Note thatthisg (P(c)) depends
only on the single bandit(i.e., context independerd, and
is ableto incorporatéboththe“long term” rewardsof learn-
ing moreaboutthis bandit,andthe “immediatereward” of
exploiting this bandit. This valueg (P(c)) corresponds
to the constant-paydfof another‘constant-alued”bandit,
whichis in asenseequialentto ¢; (see[BF85]).

In our situation,with budgetb, we may formatethe prob-
lem in a discountedframework by settingw; = 0 for
t = 1::b, thenwp.; = 1followedbyw; = Ofort > b+ 1.
Hencethe rst b ips arepureexploration(aswedonotre-
ceive ary rewardfor theseactions),sowe can ip thebest
coin (usingour obsenations)attime b+ 1, Timeb+ 1is
pure exploitation. As in the budgetedproblemwe arenot
allowed further exploration, the discountsare setto 0 for
timet > b+ 1.

While our reward structuref w g is signi cantly different
from the in nite-horizon problem, we can use adaptthe
Gittins algorithmto our nite budgetcase(asin [SMO02,

Git89]), andobsenre how it performs. To do this, we set
the valueof thediscount to compensatéor the remain-
ing budget: At eachtime, whenthe remainingbudgetis s,

we setthediscount s sothatthe expectedhumberof ips

iss, thatis ¢ = 1 1=s. In our situation,therefore we
computethe Gittensindex g .(h 1; 2i), for 1 and »
(correspondingo the stateof the coin B( 1; 2))
andremainingbudgets. We omit the detailsof computing
theseindices(see[SM02, MLGO04]). At eachtime point,
we choosethe coin with the largestGittins index for the
numberof ips s remaining;

i® = argmaxf g (hi1; i2i)9
i

SUnfortunatelynosuchcontet independenmeasurexistsin
our setting;seeExample2.

Policy Usesdata? Usesbudget?
RoundRobin No No
Random No No
Greedy Yes No
BiasedRobin Yes No
SingleCoinLook Yes Yes
Interval Estim. Yes No
Gittins Yes Yes

Tablel: Summaryof Algorithms
3.1.6 Summary

Table 1 summarizesomerelevant propertiesof the algo-
rithms.

4 Empirical Performance

We reporton the performanceof the algorithmsin theim-
portantspecialcaseof identicalcostsandpriors. We com-
pute the optimal regret throughexhaustve searchfor the
rangeof only aboutn 10 coinsand budgetb  10.
Figure2(a) shavs the performanceof the optimal strateyy
againstsomeof the other algorithmson uniform priors®.
Note thaton uniform priors,we cancompareaxperimental
regretaverageon Round-Robiragainsthe exactexpecta-
tion givenby Equationl. The performancesf look-ahead
andBiased-Robirarevery closeto optimal. We have made
similar obsenationson other typesof identical priors on
the sameproblemsizes(e.g, Figure2(b)). Figure2(c)—(e)
shaw the performancesvith the budgetat40, n = 10. We
computedheregretsat every intermediateéime pointto il-
lustratethe performanceof the algorithmsasthe budgetis
reached.

The Biased-Robinand look-aheadstrategyies consistently
outperformthe others, with look-aheadbeing the most
time consumingalgorithm. The relative differencein
performancédncreasewith priors skewed towardshigher
headprobabilities(Beta densitiesB( 5; 1) and B( 10; 1)
in the gure), andwith increasech (Figure 2(f); seealso
[MLGO04]). Thereasorfor thepoorperformancef Greedy
is simple:dueto its myopicproperty it oftencannotdistin-
guishamongdifferent ips, and ips anarbitrarycoin (the
rst coinin our implementation) and thustendsto regu-
larly waste ips. For example with uniformpriors,assoon
as somecoin givesa head,a single ip of ary coin does
not changethe expectedhighestmean.On the otherhand,
while look-aheadsimpli es by consideringsingle-coinal-
locationsonly, it performswell sinceit takesthe whole
budgetinto account.

Interval Estimationperformspoorly especiallyin the case
of skewed priors (Figure 2(d)). On suchpriors, Interval

“Eachpoint is the averageof at least1000trials. Initially in
eachtrial, every coin's headprobability is dravn from the prior,
andthen ippedby thealgorithmsasrequestedErrorbarsarenot
shawn for clarity (see[MLG04])
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Figure?2: (a)—(e)The performancef the algorithmson 10 coins. (a)—(b) Comparecagainstoptimal,0 b
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(D) Performance under Beta(10,1), n=10, b=40
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(F) Performance under Beta(1,1), n=30, b=70
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Estimationbehareslike Round-Robin:whena coinyields
a few consecutie heads,the algorithm movesto an un-
touchedcoin, asthe upperendof its uncertaintyregion be-
comessmallerthanthatof anuntouchedoin! This obser
vationsuggestshatexplicitly accountingor uncertaintyis
not straightforvard, andin particularsettingthe tolerance
for uncertaintyto a constantdoesnot addresghe problem
adequately Furthermorethe obsenationthat Interval Es-
timationcanbehae muchlike Round-Robirimpliesthatit
is notanapproximatioralgorithmfor the caseof identical
skewedpriors.

While our versionof Gittins indicesalgorithm(handlinga
nite budget)is designedfor the total reward objective®,
we seethatit performsreasonable.Still, it doesnot ex-
plore sufciently, andit underperformsthe algorithmwe
considerbest;Biased-RobinSingle-coinlook-aheadilgo-
rithmis alsobeater(Figure2(f)), for asimilarreasonit of-
tensticksto currentbestcoin, but while asingleuntouched
coin may not have a good chanceof beatingthe current
best,multiple suchuntouchedcoinsmay [MLG04]. Due
to its performancegf ciency, and simplicity, the Biased-
Robinalgorithmis thealgorithmof choiceamongthealgo-
rithmswetested It is openwhethelit hasanapproximation
guarantee.

5 Relatedwork

Thereis a vastliterature on sequentialdecisionmaking,
samplecompleity of learning,active learning,andexper
iment design,all somevhat relatedto our work; we can
only cite a few here. As notedin Section3.1.5, our ac-
tive modelselectionproblemis aninstanceof the general
classof the multi-armedbandit problem [BF85], which
typically involves a trade-of betweenexploration (learn-
ing) andexploitation (reward accumulation).In our prob-
lem, thereis a purelearningphase(determinedby a x ed
budget)followed by a pure exploitation instance;that is,
thereis no actionrewardsor costs,exceptatthe nal time
point (the regret), whereit is a function of the entire be-
lief state(coin densities). In the typical bandit problem,
thereis an immediatereward obtainedfrom action exe-
cution, which affects the objective just as the informa-
tion gaineddoes. Thesedifferenceschangesthe nature
of the task signi cantly, and setsit apartfrom typical -
nite or in nite-horizon banditproblemsandtheir analyses
(e.g.,[KLOO, EDMMO02, HS02 ACBFS032). To thebestof
our knowledge(andto our surprise)our budgetedoroblem
hasnot beenstudiedin the banditliteraturein a computa-
tional framework beforé.

Our coinsproblemis alsoa special nite-horizon Markov

5In fact,for n = 30, b= 70, anduniform priors,the average
total accumulatedeward is respectiely 59, 58, 54, and 49 for
Gittins, single-coinlook-aheadBiased-RobinandInterval Esti-
mation.

éPersonatommunicatiorwith D. Berry of [BF85].

decisionproblem (MDP) [Put94, but the statespacein
the directformulationis too large to allow usto usestan-
dard MDP solution techniques. While the researchon
techniquedor solving large MDPs with variousforms of
structuresshov promise(e.g., [Duf02]), we believe that
our problemhasspecialstructurethat allows for simpler
moreefcient, and more effective algorithmsfor our spe-
cial case.

This active modelselectionis very relatedto standardex-
perimentaldesign. Much of that work [CV95, BF85] in-
volvesa single allocationdecisionat the start of the test-
ing phase(seeSection3.1.2): e.g, 10 individualsreceve
treatmentl, 5 for treatment2, and 25 for treatment3.
In that work, the learner (there, “experimentdesigner”)
will commit to using that speci ¢ allocation— herefor
all 40 individuals. By contrast,our approach(including
our allocation-bsedhpproachesare usedonly to identify
the next singletestto perform; basedon its outcome,the
learnerthendecidesvhatto do next, dynamically

The coins problemis an instanceof active learningand
cost-sensitie learning (e.g, [LMR02, Tur00, GGRO03).
Featurecostsin [Tur00 GGRO0Z refer to costs occur
ing at classi cation time, while we are concernedwith
costsduring the learningphase. Similar to several results
[LMRO2, RMO01], we shav that selectivequeryingcanbe
muchmoreefcient thana nave methodsuchasrandom.
ThesepreviousresultssuggesthatGreedymethodsareef-
fective; deeperook-aheadsare not useddueto a combi-
nationof inef ciency andnon-signi cantgains[LMRO02].
However, we obserein our settingthatthe Greedymethod
haspoor performancéeboth in theoryandin experiments,
while looking deepeipayssigni cant dividends.

This paperconsidersanabstractiorthatallows usto obtain
crisptheoreticaresultsandmary usefultechnicalinsights.
Our relatedwork [LMGO03] takes a similar Bayesianap-
proachandusessimilar solutiontechniqueso handldearn-
ing of Nave Bayesclassi ersunderabudget.A signi cant

differencehereis in the formulation: herewe are select-
ing from amonga nite numberof modelswhile therethe
objective is to learn the bestmodel. However, that work

shaws that the basicalgorithmicideaspresentedereex-

tendto yield effective selectve queryingalgorithmsin that
contet aswell.

6 Future Work and Contrib utions

Therearea numberof directionsfor future work, in addi-
tion to the openproblemsalreadymentioned. An imme-
diateextensionof the problemis to selectnon-trivial clas-
si ers. This problemmay beformulatedin a similar way:
wearepresenteavith n candidatelassi ers(imaginedeci-
siontrees)with priorsoverameasuref their performance,
andourtaskis to declareawinner. A signi cant additional
dimensionin this caseis thatqueryinga singlefeatureaf-



fectsnot onebut multiple classi ersin general. Thereare
however “ atter” versionsof the classi er problem,such
aslearninga Na've Bayesclassi er, in which thesedepen-
denciesarelimited. Our solutiontechniquesnorereadily
extendto thelatterproblemgLMGO03].

Contributions: We introducedand motivatedthe active
model selectionproblem. We investigatedthe computa-
tional compleity of the problem,andexploredthe perfor
manceof a variety of algorithms. Our analysesdemon-
stratesigni cant problemswith a numberof algorithms.
We presented simpletechniquethatsigni cantly outper
formsthesealternatves.
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